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Abstract 

Ashtekar's variables are shown to arise naturally from a 3 + 1 split of general relativity in 
the Einstein-Cartan formulation. Thereby spinors are exorcised. 
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Ashtekar's variables [T] have already received much attention [2] and need no introduc- 
tion. It is intended to show that they arise naturally from the Einstein-Cartan formulation 
of general relativity without the use of spinors. We follow the notations of reference [3] 
where a detailed presentation of the Einstein-Cartan theory may be found. Cartan's key 

idea is to describe a metric by an orthonormal frame of vector fields e^, a = 0, 1,2, 3: 

9iea,eb) = Vab (1) 

{r]ab) = diagi+l, -1,-1,-1) (2) 
or its dual frame of 1-forms e"', a = 0,l,2,3: 

e-{e,) = 5\. (3) 
Of course two frames Ca and e' a related by a Lorentz transformation A G S0{1, 3) 

e'a = A-\e,, (4) 

A^rjA = r] (5) 

describe the same metric. In order to construct an invariant action one introduces a 
connection u, i.e. a 1-form on space-time M with values in the Lie algebra so(l,3), 
which then preserves the metric under parallel transport. Under a change of frame (4) 
the connection transforms as 

u' = AujA-^ + AdA-\ (6) 
In these variables e and u the Einstein-Hilbert action reads: 

SEH{e, := [ R\,Tt'' Ae'A e'^e^bcd (7) 
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where R is the curvature of uj, a 2-form with values in so(l,3): 

R = dio + -[u,u\ (8) 

and eahcd is completely antisymmetric with eoi23 = 1- Variations with respect to the (dual) 
frame give the Einstein equations 

i?"' A e'^eab.d = (9) 

while varying the connection and partial integration yields vanishing torsion 

T'':=De'':=de'' + u\Ae^ = Q. (10) 

These linear equations in u can be solved uniquely to express the connection as a function 
of the frame components and their first derivatives, the so-called Riemannian connection. 
Choose a time coordinate t : M 
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g (dt, dt) > 



(11) 



g being the induced metric for 1-forms. A 3+1 split is a parametrization of all metrics on 
M by starting from a parametrization of all metrics on the 3-surfaces of "simultaneity" . 
In the frame formulation this imposes the use of vector fields rather than 1-forms. Let e^, 
a = 1, 2, 3 be three linearly independent vector fields tangent to J2t- 

dt{ea) = 0, a =1,2,3. (12) 

Modulo 150(3) rotations they parametrize the metrics on Ylt- This parametrization is 
completed to include all metrics on M by a vector field eo pointing towards the future: 

dt{eo) > 0. (13) 

In coordinates = t, x^, /2 = 1, 2, 3 we have 



(7-')°, = a =1,2,3. (15) 

Consequently there are 1+3+9=13 variables {'J~^)'^q, il~^)^Q^ {I'^Ya- From the 9 {■y~^)^a 
we still have to subtract 3 degrees of freedom for the SO (3) transformations and finally we 
remain with 10 variables parametrizing all metrics. This parametrization was introduced 
in 1963 by Schwinger [4] under the name "time gauge" . For later convenience we rename 

the components of the frame 



dx^{ea)={l-')\=: 8nG det (tt^-J f | 



TV "a 



(16) 



Let 

u\ =: iuXdx'^ (17) 

be the components of the connection. From now on we raise Latin (Lorentz-)indices with 
^ab _ Q^gj, ^ Latin or Greek (coordinate) index indicates that it only takes 

spatial values. We can then write the Einstein-Hilbert action as: 

SEHie,Lu) = r dt f dx^dx'^dx^ (n''7i\-nf'n%^ (^dfiUJ%-u'^%uj%'^ 

{d,u;'\ - d,u\ - u\u;% + . (18) 

In the variables A^, n^, tt^"^ and oj"*^ the action is polynomial . Furthermore the require- 
ment that the three vector fields be linearly independent may be dropped allowing 
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also degenerate tt'^^. The only dynamical variables are the nine functions u^''^ which are 
related to the extrinsic curvature of Ylt- Their time derivative only appears linearly in 
the action and their conjugate momenta are the nine — tt'^^. Variation with respect to 
N, vP' and tt'^^ yields the Einstein equations, while varying uj and a partial integration 
gives again the torsion zero equation in the following form: 

5uo\ : D,t:\ := d,7,% + u:{,^, = 0. (19) 

Dfj^ is the S'0(3)-covariant derivative with respect to uj°'i^. 

6u;% : - u;%n% = 0, (20) 

-D,{N7c%7f\-Nn%n^) = 0, (21) 



5u% : Don\ + D,{n'7^\ - n^-K^-^ + J^\{N^\:,\ - Nt^'^ti^) = 0. (22) 

Now, if we replace the 6 real-valued 1-forms uo"-^ by the 3 complex-valued 1-forms x""^ 

^ab ._ ^-ab ^ ^e«5^_^oc- ^23) 

and if we denote by the covariant derivative with respect to x"'^^^ then the 6 real 
equations f|T9l) and fl20l) combine into 3 complex equations: 

V,n\ = 0. (24) 

Likewise, (21) and (22) condense to 

Vo7r\ + V,{n'7T\ - nV-,) + ze,fv,iNn%n^^) = 0. (25) 

Samuel [5] and Jacobson and Smolin [6] have remarked that these complex equations can 
conveniently be obtained by adding to the Einstein-Hilbert action a piece that vanishes 
"on shell" : Let 

(f) := ^{u + iu) (26) 



where uj is the dual connection: 



^ab ._ L^^^u"^. (27) 



Note the difference between dual and Hodge star, (p is complex but self-dual in the sense 
that 

= (28) 
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Consequently 

<f = ie""^-/^ (29) 

Replacing the real lo by the complex in the Einstein-Hilbert action amounts to adding 
to the real Einstein-Hilbert action a purely imaginary piece: 

SEH{e. 4>) = ^SEHie, co) + '-Si{e, u) (30) 

where 

1 r 



Si{e, u) := — — / i?"" A e'^ A e'*e„;,cd = / Red Ae'A e''. (31) 

Indeed the curvature of 4> is 

# + ^[0,0] = ^i?+^^ (32) 

where R is the dual of the curvature i? of a;. The field equations of the complex action 

Seh + iSj arc the same as the field equations of the real Einstein-Hilbert action alone, 
because varying Sj with respect to the frame yields the Bianchi identity: 

= = i? A e (33) 

and variation with respect to the connection gives again vanishing torsion. We define the 
connection %, a 1-form on M with values in so(3, C) by 

and denote by V its covariant derivative and by F its curvature 

1 

2 ^ bnv 



n dx\ + X%X% T.na.d^" A dx'^. (35) 



Then, up to a surface term from the last expression on the right-hand side of equation 
(36), the action can be written: 



SEH{e,Lo) + iSi{e,Lj) 



too 



dt / (fx 



1 — _-_ 1 — —— _ 



(36) 

Variations with respect to x^^o ^"^^ X"''^fi yield again equations (24) and (25), respectively. 
Note that now due to the additional term iSj, all 18 components of x"''^ are dynamical 
and their momenta are 

-^^'^^ (37) 
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considered as complex variables. On the other hand, n^, N and x'^'^o remain Lagrange 
multipliers. Since the time derivatives of x^'^p appear only linearly in the action, the 
Hamiltonian is obtained by deleting the third term in equation (36) and changing all 
signs: 



-L 



2^ P cd^ OaP cd^ ObP f-s^ nu-lpC O^pP cd 



(38) 



Although the Hamiltonian is complex, its time evolution carries real initial data tt, u> into 
real data. In conclusion, we have recovered Ashtekar's variables which in the spinless 
formulation are given by x^^'/j and p'^^g- 
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